
Part 2- Special Topics

◼ Polyelectrolytes in poor solvents

◼ Polyelectrolyte gels

◼ How to treat weak charges

◼ Polyelectrolyte brushes

◼ Phase behavior of polyelectrolyte complexes

◼ Intrinsically disordered proteins as

polyampholytes



Topic: PE in Poor Solvents
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Single Chain PE Phase Diagram
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Scaling Picture for Weakly Charged PEs

4



Varying f and Validity of Scaling
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Fluctuations of pearl Structure
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AFM Force Spectroscopy
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Conclusions Poor Solvent PEs

◼ Strong deviations from scaling theories in 

the strongly coupled regime

◼ Strong fluctuations make it difficult to

experimentally observe pearl/necklace

structures

◼ Coexisting pearl regimes
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Hydrogels: Smart Funtional Materials



Outline

⚫ Strong gels in contact with a reservoir salt solution

− Periodic gel model (MD/MC)

− Single chain cell-gel model (MD/MC)

− Poisson-Boltzmann cell-gel model

⚫ Weak gels

− Algorithmic details MC/PB

− pH dependent swelling

⚫ (Applications)

− Experiments

− Desalination (with Katchalsky Model)

− Huge pKa shift observed in brushes and explained simply by Donnan theory

− Gelation of PE stars
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Poly-salt (dry)

neutral

The free ions like space (entropy)
=> Osmotic pressure of counterions blows the gel up

The swelling proceeds until    Pentropic = Pelastic 

The gel can swell up to  a few thousands  times of its initial volume

Why do Polyelectrolyte Gels Swell?



Coarse-Graining Procedure

-

3SO

Na+

Hydrophobic
backbone=

effective attraction

OH2



Polyelectrolyte Model Network

diamond-like topology

 Parameters:

8 tetrafunctional nodes

NP = 16 chains at   Nm = 39 ,…, 259

f = 1/16 ,…, 1/1      NCI = 88 ,…,4152

( charged particles 636 ,…, 8304) 
 

- tune electrostatic interaction with     

 Bjerrum length

 observables:

 – chain’s end-to-end distance <RE
2>

 – osmotic pressure       of counterions
 – elastic pressure       of chains
 – electrostatic pressure       



Modeling Approaches on Different Levels



Previous Work: Periodic Gel with MD

Kosovan, Richter, Holm, Macromolecules, 2015

⚫ Chemical potential equilibrium

⚫ Pressure equilibrium

− Change volume V, measure 

pressure



Simplification: Cell-Gel Models (CGM)
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Poisson-Boltzmann CGMParticle-Based single chain CGM



Particle-Based Single Chain CGM

⚫ MD simulation of single 
chain in periodically 
replicated cylinder

⚫ P3M, WCA, FENE

⚫ Langevin Thermostat

⚫ Grand canonical particle 
insertions

⚫ Measuring virial 
pressure and pressure 
on the walls



Simplification PB Model

Solve PB equation:

⚫ Match radius a such that charges 

have the same distance from the 

end-to-end axis as in MD (<r>MD)

Boundary conditions: Er(0)=Er(Rout)=0



Katchalsky-Michaeli Model
A. Katchalsky, I. Michaeli, J. Polym. Sci. 15 69 (1955).

Flory-Rehner type Ansatz

Free energy for a stretched macromolecule with

where denotes the Langevin function for the polymer elasticity

For chemical and mechanical equilibrium we need to satisfy two coupled equations

and

with



How to determine the Swelling Equilibrium

N=64, cs=0.01 mol/l, f=1



Results for the Equilibrium Extension



Comparison of all Models to Periodic Gel Model



Intermediate Conclusion

Complexity reduction is possible in various ways

weeks->days->minutes

Single chain model optimal for best accuracy-time 

balance

Simple and old Katchalsky model works well for

Manning parameters <1

• J. Landsgesell et al., Cell Model Approaches for Predicting the Swelling and Mechanical Properties of

Polyelectrolyte Gels, Macromolecules 52, 9341-9353 (2019).

• J. Landsgesell et al., Modeling Gel Swelling Equilibrium in the Mean Field: From Explicit to Poisson-Boltzmann 

Models, Physical Review Letters 122, 208002 (2019).



Desalination with Hydrogels

J. Höpfner, C. Klein, M. Wilhelm Macromol. Rapid Commun. 31 1337–1340 (2010)

Need several pressure- desalination cycles until potable water

level is reached



Theoretical Analysis Using the Simplest Model

Based on the Katchalsky model: A. Katchalsky, I. Michaeli, J. Polym. Sci. 15 69 (1955) .

T. Richter et al., Desalination 414 28–34 (2017) 

Development of the outer salt concentration

cout for a set of gels that were compressed

until Pmax = 10 bar. 

Cumulative energy cost per cubic meter T of

desalinated water as a function the outer salt

concentration cout . 



Mini-Conclusion

Analytical calculations are feasible for desalination

efficiencies, etc.

But.. most PE hydrogels carry weak groups…..



Conclusion

◼ Hydrogels swell due to pressure of couterions

◼ Simulations and theory on model networks can provide

microscopic insights on different level of resolutions

◼ Adapt method to your question

◼ Gain insights into swelling, mechanical moduli, ion

distributions and partitioning

◼ PE networks in poor solvent show necklaces

◼ Similarities to single chain poor solvent PE 

conformational behavior is found
29



Weak Group Dissociation Behavior

30

Dissociated fraction

acidity constant

dissociation constant

equilibrium constant

degree of ionization

for polyelectrolyte monomers: charge is not just a fixed unit!

Reaction Constant

(units of mols)



What Can We Do
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What can we not do



Ideal Dissociation of Weak Acids
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Henderson-Hasselbalch Equation
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Reactions in Poisson-Boltzmann Theories

⚫ Charge regulation can be included into the PB 

model via enforcing local chemical equilibrium

c0 is in this equation the concentration of titrable units

Similar to Ninham, Parsegian, Journal of Theoretical Biology, 1971, see 

Landsgesell et al., PRL, 122, 208002 (2019)

 19

Universität Stu gart

Grand-Reaction Method and 
Charge-Regulation in PB

● Grand-Reaction Method: Reaction ensemble plus grand-
canonical coupling. Difficulties:

1. Multicomponent reservoir, constrained by 
electroneutrality + water autoprotolysis

2. Improved sampling of reactions for scarce particles

● Charge-Regulation in PB plus grand-canonical coupling

HA⇄A
-
+H

+

HA⇄A
-
+Na

+
HA+Cl

-⇄A
-

HA+OH
-⇄A

-

α ( ⃗ r )=
c

A
-( ⃗r )

c0( ⃗ r )
=

Kc
o

c
H

+

res
exp(− e0ψ( ⃗r )/(kB T))+Kc

o

Landsgesell et al., Macromolecules (submitted) 2019
Ninham et al. Journal of Chemical Biology 1971



The Grand-Reaction MC (G-RxMC)

Landsgesell et al., Macromolecules 53, 3007 (2020)
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Known Case: Linear PE

In
c
re

a
s
in

g
 K

a

Ullner et al. JCP 104, 3048 (1996) 

Košovan et al. Soft Matter 6 1872 (2010)

Castelnovo et al. EPJE 1, 115 (2000)

„End Effect“

Position-dependent

dissociation, similar

as in microgels



Protein Uptake into pH-responsive Brushes
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[1] del Castillo, Gustav 

Ferrand‐Drake, et al. Angewandte 
Chemie International Edition, 61(22), 

e202115745.



Giant pKa-Shifts in Weak Polyelectrolyte Brushes

38 Ferrand-Drake et al, J. Phys. Chem. Lett. 11, 5212−5218 (2020) 



Giant pKa-Shifts in Weak Polyelectrolyte Brushes

39

InteractingSystem: Coarse-Grained Simulations

⌅ Kremer-Grest polymer model with

explicit ions

⌅ 5⇥5 chains of length 25 grafted

to wall

⌅ uniform grafting density

Γ = 0 .1/ σ2

⌅ PBCin x- and y-direction

⌅ P3M with ELCfor electrostatics

⌅ coupled to bulk at constant pH,

cbulk
salt

via G-RxMC

3



Ideal Titration plus Donnan Theory

40
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To calculate the Donnan shift ∆ Don for given values of

pHbulk and I bulk , one has to simultaneously solve the

Henderson-Hasselbalch equat ion

↵ =
1

1 + 10pK A − pH b r u sh
. (4)

for thedegreeof ionizat ion ↵ and Equat ion 3, sincecbrush
A −

is proport ional to ↵ which in turn depends on pHbrush .

Ult imately, when plot t ing the degree of ionizat ion as a

funct ion of thepH in the bulk, the t it rat ion curveappears

shifted compared to a naiveapplicat ion of theHenderson-

Hasselbalch equat ion with pHbrush . This is due to the

Donnan shift ∆ Don . It is important to note that this

shift is ult imately only apparent, as it completely disap-

pears when ↵ is plot ted as a funct ion of pHbrush . St ill,

it has to be taken into account when interpret ing experi-

mental data, since the quant ity that can be measured in

experiments is pHbulk rather than pHbrush .

To quant ify the shift of the ionizat ion curves, one can

define an e↵ect ive pK A -value as [3]

pK e↵
A ⌘ pHbulk

✓

↵ =
1

2

◆
ideal
= pK A + ∆ Don . (5)

In general, pK e↵
A contains contribut ions due to (elect ro-

stat ic) interact ions, termed in the past the “ polyelec-

t rolyte e↵ect” [5], and due to the Donnan e↵ect . From

Equat ion 3 we conclude that the Donnan e↵ect is espe-

cially st rong when the concentrat ion cbrush
A − of charged

monomers is much higher than the ionic st rength of the

bulk solut ion. For this reason weexpect theDonnan shift

to be part icularly pronounced in weak polyelectrolyte

brushes, as they typically have a much higher polymer

density than related systems such as weak hydrogels. In

part icular, for ↵ = 0.5 we have cbrush
A − I bulk and thus

∆ Don ⇡ log10
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. (6)

Because for ↵ = 0.5 the ionic strength inside the brush

is dominated by the counterions confined to the brush,

cbrush
A − does not change significant ly with I bulk and con-

sequent ly pK e↵
A decreases approximately linearly with

log10 I bulk / 1M . This behaviour is indeed compat ible

with the experimental results [3]. Although the ideal

theory neglects all interact ions, it is st ill able to capture

the main contribut ions to the observed pK A shift , since

electrostat ic interact ions inside the brush are st rongly

screened by the counterions.

FIG. 1. Snapshot of the brush model. The brush is shown in
the fully neut ral state and small ions are not shown for clarity.

The black lines bound the first unit cell, shown is the cent ral
image and the first periodic images in the x- and y-direct ions.

The snapshot was produced using the software VMD [6].

Simulation model. To includeelect rostat ic interact ions

in our theoret ical descript ion of the brush, we perform

part icle-based simulat ions. Here we provide only a short

descript ion of our simulat ion model, a more detailed de-

script ion including all parameter values can be found in

Ref. [7]. Our coarse-grained simulat ion model makes use

of the generic Kremer-Grest polymer model with an im-

plicit solvent [8]. In our simulat ions, the polyelectrolyte

brush of high graft ing density Γ = 0.1/ σ2 (σ is thediame-

ter of a monomer) is represented by a total of 5⇥ 5 = 25

chains with 25 monomers each. All monomers are of

the same part icle type and correspond to a weak acid

characterized by pK A = 4.0. This value was chosen to

be close to acrylic acid, which is a weak acid commonly

used in experiments. We fix the first monomer of each

chain at a height of z = σ and at a uniform graft ing den-

sity. The simulat ion box, corresponding to a slab system,

consists of a square cuboid box with lateral dimensions

L x = L y =
p

25/ Γ ⇡ 15.8σ and height L z = 50σ. To

confine the system in the z-direct ion, we make use of

fixed walls at z = 0 and z = L z which interact via a

WCA potent ial [9] with all part icles in the simulat ion.

Figure 1 shows a snapshot of the brush model.

To sample di↵erent conformat ions of the system, we

make use of Langevin dynamics with T ⇡ 300K. We

integrate the equat ions of mot ion using the Velocity-

Verlet method [10]. In order to simulate the ionizat ion

equilibrium of the acidic monomers as well as the ex-

change of small ions with the bulk, we make use of the

G-RxMC method [5], which we describe in more detail

in Ref. [7]. To efficient ly sum up the elect rostat ic in-

teract ions in the slab system, we use the P3M method
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To calculate the Donnan shift ∆ Don for given values of
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Ult imately, when plot t ing the degree of ionizat ion as a

funct ion of thepH in the bulk, the t it rat ion curve appears

shifted compared to a naiveapplicat ion of theHenderson-

Hasselbalch equat ion with pHbrush . This is due to the

Donnan shift ∆ Don . It is important to note that this

shift is ult imately only apparent , as it completely disap-

pears when ↵ is plot ted as a funct ion of pHbrush . St ill,

it has to be taken into account when interpret ing experi-

mental data, since the quant ity that can be measured in

experiments is pHbulk rather than pHbrush .
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Equat ion 3 we conclude that the Donnan e↵ect is espe-

cially st rong when the concent rat ion cbrush
A − of charged

monomers is much higher than the ionic st rength of the

bulk solut ion. For this reason weexpect theDonnan shift

to be part icularly pronounced in weak polyelectrolyte

brushes, as they typically have a much higher polymer

density than related systems such as weak hydrogels. In

part icular, for ↵ = 0.5 we have cbrush
A − I bulk and thus
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Because for ↵ = 0.5 the ionic strength inside the brush

is dominated by the counterions confined to the brush,

cbrush
A − does not change significant ly with I bulk and con-

sequent ly pK e↵
A decreases approximately linearly with

log10 I bulk / 1M . This behaviour is indeed compat ible

with the experimental results [3]. Although the ideal

theory neglects all interact ions, it is st ill able to capture

the main contribut ions to the observed pK A shift , since

electrostat ic interact ions inside the brush are st rongly

screened by the counterions.

FIG. 1. Snapshot of the brush model. The brush is shown in

the fully neut ral state and small ions are not shown for clarity.
The black lines bound the first unit cell, shown is the cent ral

image and the first periodic images in the x- and y-direct ions.
The snapshot was produced using the software VMD [6].

Simulation model. To includeelect rostat ic interact ions

in our theoret ical descript ion of the brush, we perform

part icle-based simulat ions. Here we provide only a short

descript ion of our simulat ion model, a more detailed de-

script ion including all parameter values can be found in

Ref. [7]. Our coarse-grained simulat ion model makes use

of the generic Kremer-Grest polymer model with an im-

plicit solvent [8]. In our simulat ions, the polyelectrolyte

brush of high graft ing density Γ = 0.1/ σ2 (σ is thediame-

ter of a monomer) is represented by a total of 5⇥ 5 = 25

chains with 25 monomers each. All monomers are of

the same part icle type and correspond to a weak acid

characterized by pK A = 4.0. This value was chosen to

be close to acrylic acid, which is a weak acid commonly

used in experiments. We fix the first monomer of each

chain at a height of z = σ and at a uniform graft ing den-

sity. The simulat ion box, corresponding to a slab system,

consists of a square cuboid box with lateral dimensions

L x = L y =
p

25/ Γ ⇡ 15.8σ and height L z = 50σ. To

confine the system in the z-direct ion, we make use of

fixed walls at z = 0 and z = L z which interact via a

WCA potent ial [9] with all part icles in the simulat ion.

Figure 1 shows a snapshot of the brush model.

To sample di↵erent conformat ions of the system, we

make use of Langevin dynamics with T ⇡ 300K. We

integrate the equat ions of mot ion using the Velocity-

Verlet method [10]. In order to simulate the ionizat ion

equilibrium of the acidic monomers as well as the ex-

change of small ions with the bulk, we make use of the

G-RxMC method [5], which we describe in more detail

in Ref. [7]. To efficient ly sum up the elect rostat ic in-

teract ions in the slab system, we use the P3M method
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To calculate the Donnan shift ∆ Don for given values of
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mental data, since the quant ity that can be measured in
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monomers is much higher than the ionic st rength of the

bulk solut ion. For this reason weexpect theDonnan shift

to be part icularly pronounced in weak polyelect rolyte
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density than related systems such as weak hydrogels. In

part icular, for ↵ = 0.5 we have cbrush
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Because for ↵ = 0.5 the ionic strength inside the brush

is dominated by the counterions confined to the brush,

cbrush
A − does not change significant ly with I bulk and con-

sequent ly pK e↵
A decreases approximately linearly with

log10 I bulk / 1M . This behaviour is indeed compat ible

with the experimental results [3]. Although the ideal

theory neglects all interact ions, it is st ill able to capture

the main cont ribut ions to the observed pK A shift , since

electrostat ic interact ions inside the brush are st rongly

screened by the counterions.

FIG. 1. Snapshot of the brush model. The brush is shown in

the fully neut ral state and small ions are not shown for clarity.
The black lines bound the first unit cell, shown is the cent ral
image and the first periodic images in the x- and y-direct ions.

The snapshot was produced using the software VMD [6].

Simulation model. To includeelect rostat ic interact ions

in our theoret ical descript ion of the brush, we perform

part icle-based simulat ions. Here we provide only a short

descript ion of our simulat ion model, a more detailed de-

script ion including all parameter values can be found in

Ref. [7]. Our coarse-grained simulat ion model makes use

of the generic Kremer-Grest polymer model with an im-

plicit solvent [8]. In our simulat ions, the polyelect rolyte

brush of high graft ing density Γ = 0.1/ σ2 (σ is thediame-

ter of a monomer) is represented by a total of 5⇥ 5 = 25

chains with 25 monomers each. All monomers are of

the same part icle type and correspond to a weak acid

characterized by pK A = 4.0. This value was chosen to

be close to acrylic acid, which is a weak acid commonly

used in experiments. We fix the first monomer of each

chain at a height of z = σ and at a uniform graft ing den-

sity. The simulat ion box, corresponding to a slab system,

consists of a square cuboid box with lateral dimensions

L x = L y =
p

25/ Γ ⇡ 15.8σ and height L z = 50σ. To

confine the system in the z-direct ion, we make use of

fixed walls at z = 0 and z = L z which interact via a

WCA potent ial [9] with all part icles in the simulat ion.

Figure 1 shows a snapshot of the brush model.

To sample di↵erent conformat ions of the system, we

make use of Langevin dynamics with T ⇡ 300K. We

integrate the equat ions of mot ion using the Velocity-

Verlet method [10]. In order to simulate the ionizat ion

equilibrium of the acidic monomers as well as the ex-

change of small ions with the bulk, we make use of the

G-RxMC method [5], which we describe in more detail

in Ref. [7]. To efficient ly sum up the elect rostat ic in-

teract ions in the slab system, we use the P3M method



Results of GRx-MC Simulations

• Huge shift also observed in simulations

• Saturation at very low bulk salt concentrations because ionic strength

becomes dominated by H+

• linear scaling with log10 Ibulk is reproduced, slope -0.96 (vs. 1.0 for theory) 



There is almost no shift in PKa

42

Polyelectrolyte effect, almost

independent of cs

• pH can differ by up to 5 units between

bulk solution and brush! 

• Plotting the degree of ionization α vs. pHbrush

removes most of the shift



Mini-Conclusion

43

• The huge pKa shift of the proteins in the brush is only apparent

•Simple explanation in terms of Donnan theory:

It is a consequence of the Donnan partitioning of ions between

the bulk solution and the brush. 



pH dependant Swelling of Tetra-PAA-PEG Gels

44

Covalently bound pH-dependent tetrafunctional gels

Tang et al., Macromolecules, 53, 8244 (2020)



Structure of the Gel

45 Simulation snapshot of the gel at cres= 10 mM in the non-ionized state (a) and fully ionized state (b)

a) cres
NaCl = 10mM, pHres = 2, ↵ ⇡ 0 b) cres

NaCl = 10mM, pHres = 11, ↵ ⇡ 1

PAA (neutral) PAA (ionized) PEG periodic image

Figure 7: Simulat ion snapshots of the gel at cres
NaCl = 10mM in the non-ionized state (panel a)

and fully ionized state (panel b). For clarity, small ions have been omit ted in both pictures

and the periodic images around the primary simulat ion box are shown only in panel b. The

boxes are not shown to scale; the magnificat ion in panel a is greater than in panel b.
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Simulated Swelling Behavior

46

Volume-based swelling ratio as function of the pH in the reservoir



Experiment vs Simulations

47

Comparison of the volume-based swelling ratio against experimental data from Tang et al. 

(shaded area)

where we have chose as refererence state Vref for



Experiment vs Simulations

48
Ionization degree of the gels at various values of the reservoir salt concentration cres : 

(a): as a function of the pH in the reservoir; (b): as a function of the pH inside the gel. 

Donnan plus PE effect Pure PE effect



Intermediate Conclusion Tetra-PEG

49

• ionization of the gel as a function of pH is strongly suppressed when

compared to the ideal Henderson–Hasselbalch result, hence the effective

pKA of the hydrogel is shifted to higher pH values by almost 2 units. 

• One part is due to the Donnan effect due to the Donnan partitioning of ions, 

which makes pH in the gel lower than pH in the reservoir

• The other one is the polyelectrolyte effect due to electrostatic repulsion

between ionized monomers in the gel

• the shift in the pKA is predominantly caused by the polyelectrolyte effect, 

whereas the Donnan effect is much weaker in this system.

• Beyer, D., Kosovan, P., & Holm, C. (2022). Simulations Explain the Swelling Behavior of Hydrogels with Alternating Neutral and Weakly Acidic
Blocks. Macromolecules, 55(23), Article 23. https://doi.org/10.1021/acs.macromol.2c01916

https://doi.org/10.1021/acs.macromol.2c01916


Phase Behavior of Polyelectrolytes

50

(a) Phase separation in the solution of oppositely charged polyelectrolytes leads to the

formation of either solid precipitants or liquid coacervates. At high salt

concentrations, the solution is uniphase.

(b) Microscopy images of solid complexes and liquid coacervates formed from

oppositely charged polypeptides.



Biological Cells Are Highly Compartmentalized
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Biomolecular Condensates

52



Membraneless Organelles are Biomolecular Condensates

53



Polyelectrolyte Complex Coacervation

54



Complex Coacervation is Entropically Driven

55



Effects of Charge Asymmetry

56



pH-controlled Coacervation

57

System consists of Gum Arabic and Whey Proteins

The polyelectrolyte and 

the protein are

oppositely charged at 

low pH values, at high 

pH values they have the

same sign



Sequence-Structure Relationship in Proteins

58

Classical view: amino acid sequence determines three-dimensional protein structure
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IDPs as Polyampholytes
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